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Abstract Using the framework of variational principle in mechanics, we obtain a new de-
scription of the Hamiltonian formulation of systems with higher order derivatives, involving
the introduction of the usual definition of the generalized momenta as presented for the
first order systems. The canonical action is obtained in terms of canonical coordinates qi

(i = 1,2, . . . , n). Besides, the path integral quantization is obtained as an integration over
the canonical coordinate qi without any need to integrate over the higher order derivatives
(q̄i = q̇i ). Two examples are studied.

Keywords Hamiltonian and Lagrangian approach · Higher order Lagrangians ·
Quantization of field systems

1 Introduction

Systems with higher order Lagrangians have been studied with increasing interest because
they appear in many relevant physical problems. The most popular examples being perhaps
higher order regularization of quantum gauge field theories and so-called rigid strings [1, 2],
rigid particles [3, 4], a relativistic particle with curvature and torsion in three dimensional
space-time [5] and in the work of Podolsky’s [6] and Bopp [7], who independently pro-
posed generalization of electrodynamics containing second order derivatives. Also the work
of Green [8, 9], who proposed a generalized meson-field theory. Besides this, we have other
examples, such as, the consistent of ultraviolet divergence in gauge invariant supersymmet-
ric theories [10, 11], or the effective Lagrangian in gauge theories [12, 13].
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The treatment for theories with higher order derivatives has been first developed by Os-
trogradskii [14] and leads to obtain the Euler–Lagrange equations and the Hamilton equa-
tions of motion.

The path integral quantization of systems with higher order derivatives is studied [15],
using Hamilton–Jacobi [HJ] method [16–22], where these systems are converted into first
order systems with constraints. Also, important applications in the contest of the [HJ] for-
malism were made in [23–25], including systems with higher order derivatives. Another
work of the [HJ] formalism of systems with higher order derivatives is given in [26, 27],
where the action function is obtained for both constrained and unconstrained systems by
solving the appropriate set of Hamilton–Jacobi partial differential equations [HJPDEs], and
used it to determine the solution of the equations of motion by using the WKB approxima-
tion.

Very recently, a new development of systems with higher order fractional derivatives
was made in Ref. [28], and the path integral quantization for both conservative and non
conservative systems are recovered.

Furthermore, in Refs. [29, 30], the authors studied the Hamiltonian formulation of higher
order dynamical systems using Dirac’s approach to constrained dynamics, where the Hamil-
tonian formulation of regular higher order Lagrangians is developed, and the conventional
description of such systems due to Ostrogradskii is recovered. Also, a new development for
systems with higher order derivatives and degenerate coordinate, was made in Ref. [31].

Other treatments for systems with higher order derivatives are presented in Ref. [32],
where the authors have analyzed systems with higher order derivatives, using the discrete
variational principle to obtain the discrete Euler–Lagrange equations for higher-order La-
grangians and the corresponding discrete Hamiltonian.

The aim of this paper is to give a new Hamiltonian formulation for systems with higher
order derivatives and to show that our Hamiltonian does not depend on any higher order
derivatives of the coordinates.

The paper is organized as follows.
In Sect. 2 construction of higher order Lagrangians is reviewed. Section 3 presents the

Hamiltonian and the path integral quantization for these systems. Two examples are de-
scribed in Sect. 4. Conclusions are presented in Sect. 5.

2 The Ostrogradskii’s Construction

The Lagrangian formulation of these theories require the configuration space formed by n

generalized coordinates qi, q̇i and q̈i . The Euler Lagrangian equations of motion, which are
obtained from

S =
∫

L(qi, q̇i , q̈i )dt, (1)

using the Hamilton principle, are given by:

∂L

∂qi

− d

dt

(
∂L

∂q̇i

)
+ d2

dt2

(
∂L

∂q̈i

)
= 0. (2)

The passage from the Lagrangian approach to the Hamiltonian approach is achieved
by introducing the generalized momenta (pi,πi) conjugated to the generalized coordinates
(qi, q̇i ) respectively as
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pi = ∂L

∂q̇i

− d

dt

(
∂L

∂q̈i

)
, (3)

πi = ∂L

∂q̈i

. (4)

The phase-space will then be spanned by the canonical variables (qi,pi) and (q̄i , πi),
where (q̄i = q̇i ), and the Hamiltonian is given by

H = piq̄i + πiq̈i − L. (5)

This means that, the Hamiltonian is a function of the form

H = H(qi,pi, q̄i , πi, t). (6)

In the generalized case:

L = L(qi, q̇i , q̈i , q
(3)
i , . . . , q

(n)
i ; t). (7)

Consider the variational principle, it is clear that the Euler–Lagrange equations of motion
of the system are given by

n∑
i=0

(−1)i di

dt i

(
∂L

∂q(i)

)
= 0, q(i) = diq

dt i
, i = 0,1,2, . . . , n. (8)

Following Ostrogradskii’s [14] and in order to simplify the expression of these equations,
let us introduce the generalized momenta (pi,πi) conjugated to the generalized coordinates
(qi, q̇i ) respectively as

pk−1
i = ∂L

∂q
(k)
i

− d

dt

(
∂L

∂q
(k+1)
i

)
, k = 1,2,3, . . . , n − 1, (9)

πi = ∂L

∂q
(n)
i

. (10)

The phase-space will then be spanned by the canonical variables (qi,p
k−1
i ) and (q̄

(k)
i , πi),

where (q̄
(k)
i = q

(k+1)
i ), and the Hamiltonian is given by

H =
n−1∑
k=1

pkq
(k) + πiq

(n)
i − L. (11)

This means that, the Hamiltonian is a function of the form

H = H(qi,p
k−1
i , q̄k

i , πi, t). (12)



Int J Theor Phys (2007) 46: 3150–3158 3153

3 The Hamiltonian Formulation

The dynamics of a physical system is encoded in the Lagrangian, a function of the posi-
tions and velocities of all the degrees of freedom which comprise the system [33–35]. To
extract the dynamics one considers paths in the configuration space. For a given path, one
calculates the position and velocities at each time and also the value of the Lagrangian.
The Lagrangian formulation of classical physics requires the configuration space formed by
generalized coordinate q and generalized velocities q̇ and q̈ defined as:

L = L(q, q̇, q̈; t). (13)

Integration of the Lagrangian values against time gives the action, a functional of path in
configuration space as,

S =
∫

L(q, q̇, q̈; t)dt. (14)

The evolution of the classical system is then obtained from the Euler–Lagrange equations
of motion. These equations follow from the Hamilton’s principle, the classical dynamical
content of a system is prescribed by the requirement that the time integral of the Lagrangian
(the classical action S) be an extremum.

δS = δ

∫
L(q, q̇, q̈; t)dt =

∫ t2

t1

(
∂L

∂q
δq + ∂L

∂q̇
δq̇ + ∂L

∂q̈
δq̈ + ∂L

∂t
δt

)
. (15)

In deriving (15), it was assumed that q̇ and q̈ are not independent of q , so that δq̇ = d
dt

δq ,

δq̈ = d2

dt2 δq . This corresponds to the variational principle in configuration space.
Imposing δS = 0, we obtain the Euler–Lagrange equations of motion

∂L

∂q
− d

dt

(
∂L

∂q̇

)
+ d2

dt2

(
∂L

∂q̈

)
= 0. (16)

The Hamiltonian formulations defined as

H = p1q̇ + p2q̈ − L. (17)

Calculating the total differential of this Hamiltonian we obtain

dH = p1dq̇ + q̇dp1 + p2dq̈ + q̈dp2 − ∂L

∂q
dq − ∂L

∂q̇
dq̇ − ∂L

∂q̈
dq̈ − ∂L

∂t
dt. (18)

The generalized momenta p1 and p2 corresponding to q̇ and q̈ can be defined as follows

p1 = ∂L

∂q̇
, (19)

p2 = ∂L

∂q̈
. (20)

Substituting the values of momenta (19), (20) into equation (18) we have:

dH = q̇dp1 + q̈dp2 − ∂L

∂q
dq − ∂L

∂t
dt. (21)
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Making use of the Euler–Lagrange equation (16), we get

dH = q̇dp1 + q̈dp2 +
(

−dp1

dt
+ d2p2

dt2

)
dq − ∂L

∂t
dt. (22)

This means that, the Hamiltonian is a function of the form

H = H(q,p1,p2, t), (23)

and the total differential of this function reads as:

dH = ∂H

∂q
dq + ∂H

∂p1
dp1 + ∂H

∂p2
dp2 + ∂H

∂t
dt. (24)

Comparing equations (22) and (24), we get the following Hamilton’s equations of motion

q̇ = ∂H

∂p1
, q̈ = ∂H

∂p2
, (25)

∂H

∂t
= −∂L

∂t
, (26)

∂H

∂q
= −ṗ1 + p̈2. (27)

It worthwhile to mention that the results (25–27) are the same as those obtained in Ref. [36]
for the limiting case of integer orders of fractional equations of motion.

In the generalized case:

L = L(q, q̇, q̈, q(3), . . . , q(n); t). (28)

Integration of the Lagrangian values against time gives the action, a functional of path in
configuration space as,

S =
∫

L(q, q̇, q̈, q(3), . . . , q(n); t)dt. (29)

The evolution of the classical system is then obtained from the Euler–Lagrange equations
of motion. So, we obtain the Euler–Lagrange equations of motion

n∑
i=0

(−1)i di

dt i

(
∂L

∂q(i)

)
= 0, q(i) = diq

dt i
, i = 0,1,2, . . . , n. (30)

The Hamiltonian formulation defined as

H =
n∑

k=1

pkq
(k) − L, k = 1,2,3, . . . , n. (31)

Calculating the total differential of this Hamiltonian we obtain

dH =
n∑

k=1

[
pkdq(k) + q(k)dpk − ∂L

∂q(k)
dq(k)

]
− ∂L

∂q
dq − ∂L

∂t
dt. (32)
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The generalized momenta pk corresponding to q(k) can be defined as follows

pk = ∂L

∂q(k)
. (33)

Substituting the values of momenta into (32) we have:

dH =
n∑

k=1

q(k)dpk − ∂L

∂q
dq − ∂L

∂t
dt. (34)

Making use of the Euler–Lagrange equation (30), we get

−∂L

∂q
=

n∑
k=1

(−1)k dk

dtk

(
∂L

∂q(k)

)
=

n∑
k=1

(−1)k dkpk

dtk
. (35)

Substituting (35) into (34), we get

dH =
n∑

k=1

[
q(k)dpk + (−1)k dkpk

dtk
dq

]
− ∂L

∂t
dt. (36)

This means that, the Hamiltonian is a function of the form

H = H(q,pk, t), k = 1,2,3, . . . , n, (37)

and the total differential of this function reads as:

dH = ∂H

∂q
dq +

n∑
k=1

∂H

∂pk

dpk + ∂H

∂t
dt. (38)

Comparing (36) and (38), we get the following Hamilton’s equations of motion

q(k) = ∂H

∂pk

, (39)

∂H

∂q
=

n∑
k=1

(−1)kp
(k)
k . (40)

In this case, the path integral quantization is given by

K =
∫

dqdpke
i
∫ (∑n

k=1 pkq(k)−H(q,pk,t)
)
dt . (41)

For quadratic H(q,pk, t) in terms of pk , and after integration over the momenta pk we
obtain

K =
∫

dqei
∫

Ldt . (42)

One should notice that the path integral quantization is obtained as an integration over the
canonical coordinates qi without any need to integrate over higher order derivatives (qi, q̄i )

as given by Ostrogradskii formulation.
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4 Examples

As a first example, let us consider the Lagrangian [29]

L = 1

2
axẍ2 − 1

2
bxẋ2. (43)

The momenta p1 and p2 are given as

p1 = ∂L

∂ẋ
= −bxẋ, (44)

p2 = ∂L

∂ẍ
= axẍ. (45)

Making use of (17), the Hamiltonian becomes

H = p1q̇ + p2q̈ − L = − p2
1

2bx
+ p2

2

2ax
, (46)

and the Hamilton’s equations of motions are

ẋ = −p1

bx
, (47)

ẍ = p2

ax
, (48)

∂H

∂x
= −ṗ1 + p̈2. (49)

Equation (49) gives:

3

2
aẍ2 + bxẍ + 2aẋx(3) + 1

2
bẋ2 + axx(4) = 0. (50)

Besides, the path integral is given by

K =
∫

dxdp1dp2e
i
∫ (

p1ẋ+p2ẍ+ p2
1

2bx
− p2

2
2ax

)
dt . (51)

Integrating over the momenta p1 and p2 we arrive at the result

K =
∫

dxei
∫ ( 1

2 axẍ2− 1
2 bxẋ2

)
dt . (52)

The path integral (52), is an integration over the canonical coordinate x, without any need
to any integration over the velocity x̄ = ẋ as given by Ostrogradskii formulation.

As a second example, we consider the singular Lagrangian [27]

L = 1

2
(q̈2 − q̇2). (53)

The momenta p1 and p2 are given as

p1 = ∂L

∂q̇
= −q̇, (54)
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p2 = ∂L

∂q̈
= q̈. (55)

Making use of (17), the Hamiltonian becomes

H = p1q̇ + p2q̈ − L = −1

2
p2

1 + 1

2
p2

2, (56)

and the Hamilton’s equations of motions are

q̇ = −p1, (57)

q̈ = p2, (58)

∂H

∂q
= 0 = −ṗ1 + p̈2. (59)

Equation (59) gives:

q(4) + q̈ = 0, (60)

which has the following solution

q = c1 + c2t + c3 cos t + c4 sin t, (61)

where c1, c2, c3 and c4 are constants. The result obtained in (61) is the same as obtained in
Ref. [27].

The path integral is given by

K =
∫

dqei
∫ ( 1

2 (q̈2−q̇2)
)
dt . (62)

5 Conclusion

In this paper we have studied the Hamiltonian formulation of systems with higher order
derivatives. We have investigated two systems, in the first one, the path integral quantization
is obtained as an integration over the canonical coordinate x without any need to integrate
over the velocity x̄ = ẋ as given by Ostrogradskii formalism. In the second example, the
path integral is obtained directly as an integration over the canonical coordinate q without
any need to integrate over the variable q̇ .

We observed that the classical equations of motion obtained in this work are in complete
agreement with those obtained by the Lagrangian formulation. The advantages of using our
formalism is that, the path integral quantization is obtained directly over the space qi without
any need to introduce extra coordinates q̄i as given by Ostrogradskii formalism.
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